Abstract. The aim of the present investigation is first to reveal some nonlinear relations between certain inequalities (constituted by normalized analytic functions) and equations in the complex plane and then to indicate some useful implications of them.
Let κ(z) be an analytic function in a simply-connected region of the z−plane containing the origin. Then, the fractional derivative of order µ is defined by
where the multiplicity of (z − ξ) −µ above is removed by requiring lo (z − ξ) to be real when z − ξ > 0. Here and throughout this investigation, of course, the function Γ is the well-known gamma function that we know.
Under the hypotheses of the definition above, for an analytic function κ(z), the fractional derivative of order m + µ is also defined by
As an application of the above operators, if we apply the definitions in (1) and (2) to the function κ(z) = z ω , it can be easily determined that
for some 0 ≤ µ < 1 and for all m ∈ N 0 .
Next, let A denote the family of the functions f (z) normalized by the following Taylor-Maclaurin series:
which are analytic in the unit open disk U = {z : z ∈ C and |z| < 1}. This functions family A has an important roles for AGFT. For certain examples concerning functions in the related family, see the results given by the references in [1, 2, [5] [6] [7] .
By applying the operator D 
where µ ∈ R := R − {2, 3, 4, · · · }.
In order to prove main results in the next section, we need to recall the following assertion given by [11] : Lemma 1. Let p(z) be an analytic function in the disk U with p(0) = 1. If there exists a point z 0 in U such that
The Main Results and Some Implications
In this section, for stating of the main results and also their implications, it needs to introduce three important and comprehensive definitions which are in the following forms:
and
In relation to the definitions in (8)- (10), of course, after simple calculations, when focusing on the related definitions (8)- (10), it is easily seen that the function F (z) is a member of the class A, and the functions Φ(z) and Ψ(z) are analytic in U, and also both of the complex equations include several certain types of complex differential equations (CDE) by choosing suitable values of the parameters λ, µ and/or δ there. Here and throughout this work, note that the value of the complex power in (10) is considered to be its principle value.
We now begin by setting and then proving the theorems consisting of several useful results between certain complex -differential -equations and normalized analytic functions. The first of the main results is contained in the following form.
Theorem 1.
Let the function F (z) be defined by (8) and let the function Φ(z) be an analytic in U also satisfy any one of the following conditions: m Φ(z) = 0 and e Φ(z) < 1.
If the function F := F (z) is a solution for the complex equation given by (9) , then
Proof. Let f (z) ∈ A and also let the function F (z) be defined by (8) . By means of the definition of the operator in (5), it can be easily derived that
where λ ∈ R, µ ∈ R and z ∈ U.
If we define p(z) by
then, clearly, the function p(z) is analytic in U with p(0) = 1. By means of the equality in (14), we easily obtain that
By using (2.8) and also the well known identy:
we easily get that
Then, it is clear that Φ(z) is both an analytic function in U and satisfies the complex equation in (9) . Now assume that there exists a point z 0 in U such that e p(z) > 0 |z| < |z 0 | , e p(z 0 ) = 0 and p(z 0 ) 0.
From (6) of the Lemma 1, we then obtain that
By using the assertions just above, (17) follows that
But, these results overtly contradict our assumptions in (11), respectively. Hence, the equality in (13) immediately yields that e p(z) > 0 for all z ∈ U. Therefore, we evidently receive the inequality in (12) . This completes the related proof.
The second of the main results is also contained in following form.
Theorem 2.
Let the function F (z) be defined by (8) and let the function Ψ(z) be an analytic in U and also satisfy any one of the following conditions:
If the function F := F (z) is a solution for the complex equation given by (10) , then
Proof. Let f (z) ∈ A and also let F (z) be defined by (8) . Then, in view of (13), if we first consider a function p(z) (which is analytic in U and p(0) = 1) as in the form:
and also follow the smilar ways pursued in (15)- (17), we then derive that
or, equivalently,
Obviously, Ψ(z) is an analytic function in U and also satisfies the equation in (10). As we did in the proof of the Theorem 1, if we again the assumptions of the Lemma 1 to the equality in (21), we easily determine that
which are contradictions with the assertions of Theorem 2 in (18), respectively. Hence, the equality in (15) yields that e p(z) > 0 for all z ∈ U. Therefore, we receive the inequalty in (15). Thus, the proof of the Theorem 2 is completed.
As we emphasized in the section 1, the theorems above include several useful and comprehensive results between certain complex differential equations, which were given by (9) and (10), and normalized analytic functions, which were given by (1) . It is impossible to list all of them. But, we want to center on only four of them, which are directly related to the results between CDE and AGFT. Both the consequences of these (i.e., Corollaries 1-4 below) and the other possible results of the related theorems (which are here omitted) are presented to the attention of the researchers who have been working on the theory relating to differential equation or univalent function.
